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Two dimensional solutions of the magnetic ﬁeld and magneto elastic stress are presented for a magnetic
material of a thin inﬁnite plate containing an elliptical hole with an edge crack subjected to uniformmag-
netic ﬁeld. Using a rational mapping function, each solution is obtained as a closed form. The linear con-
stitutive equation is used for these analyses. According to the electro-magneto theory, only Maxwell
stress is caused as a body force in a plate. In the present paper, it raises a plane stress state for a thin plate,
the deformation of the plate thickness and the shear deﬂection. Therefore the magneto elastic stress is
analyzed using Maxwell stress. No further assumption of the plane stress state that the plate is thin is
made for the stress analysis, though Maxwell stress components are expressed by nonlinear terms.
The rigorous boundary condition expressed by Maxwell stress components is completely satisﬁed with-
out any linear assumptions on the boundary. First, magnetic ﬁeld and stress analyses for soft ferromag-
netic material are carried out and then those analyses for paramagnetic and diamagnetic materials are
carried out. It is stated that those plane stress components are expressed by the same expressions for
those materials and the difference is only the magnitude of the permeability, though the magnetic ﬁelds
Hx, Hy are different each other in the plates. If the analysis of magnetic ﬁeld of paramagnetic material is
easier than that of soft ferromagnetic material, the stress analysis may be carried out using the magnetic
ﬁeld for paramagnetic material to analyze the stress ﬁeld, and the results may be applied for a soft fer-
romagnetic material. It is stated that the stress state for the magnetic ﬁeld Hx, Hy is the same as the pure
shear stress state. Solutions of the magneto elastic stress are nonlinear for the direction of uniform mag-
netic ﬁeld. Stresses in the direction of the plate thickness and shear deﬂection are caused and the solu-
tions are also obtained. Figures of the magnetic ﬁeld and stress distribution are shown. Stress intensity
factors are also derived and investigated for the crack length.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
In the present paper, an inﬁnite plate containing an elliptical
hole with an edge crack exposed by magnetic ﬁeld from out side
of the plate are analyzed. In the previous paper (Hasebe, 2010a),
the plate applied magnetic ﬁeld induced by electric current was
analyzed. Uniform magnetic ﬁeld is one of the typical magnetic
ﬁeld as well as magnetic ﬁeld caused by electric current. Main re-
views have been stated in the previous paper; therefore the re-
views are omitted for the limit pages.
Maxwell equations are essentially three dimensional ones for
the magnetic ﬁeld. Generally speaking, three dimensional bound-
ary value problems are more difﬁcult than those of two dimen-
sional ones; therefore many problems have been modeled andll rights reserved.
oya Institute of Technology,
+81 52 876 5015.analyzed as two dimensional problems. It seems not to be easy
to make the two dimensional model of the magnetic ﬁeld. How-
ever, when the plate is thin, the magnetic ﬁeld in the plate with
a hole can be obtained; therefore, the analysis is carried out for
the thin plate, and also plane stress analysis can be applied.
According to the electro-magneto theory, only Maxwell stress
components are caused as the body force in the magnetic material;
therefore, Maxwell stress is considered for the stress analysis. No
further assumptions for the magnetic stress analysis are made
except the assumption of the plane stress state that the plate is
thin, though Maxwell stress components and the boundary condi-
tion are expressed by the nonlinear terms of Maxwell stress
components.
Intensities of the magnetic ﬁeld component and stress intensity
factors at the crack tip are obtained. The relationships among
paramagnetic, diamagnetic and soft ferromagnetic materials are
investigated for magneto elastic stress. Also the present problem
causes shear deﬂection and the stress in the direction of the plate
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the best of our knowledge, though the present problem is one of
the fundamental problems, it seems not to have been solved
analytically.2. Preparation of problem and mapping function
The present study is shown in Fig. 1. The ﬁeld of air surrounding
the plate is called material 1, and the plate is called material 2, and
the permeability is expressed by l(1) andl(2), respectively. The sur-
faces of the plate are named surfaces S1, S2 and S3. The plate thick-
ness is ‘‘h’’ which is assumed to be thin, and the elliptical hole has
the semi-axes of ‘‘a’’ and ‘‘b’’, and the crack length is ‘‘c’’. The coor-
dinates are denoted by x, y and z, respectively. The magnetic induc-
tion ﬁeld of B0 Tesla applies to the entire plate from the outside of
the plate, and the direction is c radian from the x axis toward the
counterclockwise direction, and the incident angle is a1 radian
from the vertical direction (see Fig. 3d). The magnetic induction
ﬁeld vector, B0, is expressed by the magnetic ﬁeld intensity vector
H0,
B0 ¼ lð1ÞH0 ¼ l0ð1þ vð1ÞÞH0 ð1Þ
where l0: the magnetic permeability of free space (vacuum), 4p/
107 (NA2) and v(1): the magnetic susceptibility of material 1 (air).
To solve a problem shown in Fig. 1, the following rational map-
ping function is introduced:
w ¼ xðfÞ ¼ F0fþ
Xn¼24
k¼1
Fk
fk  f
þ F25
f
þ Fc ð2Þ
where the complex variable ‘‘w’’ is deﬁned as w = x + iy to avoid
confusion for ‘‘z’’ of the coordinates, and F0, Fk (k = 1, . . . ,25) and Fc
are constants, poles fk (k = 1, . . . ,2_4) are located inside the unit cir-
cle, and n = 24 is used in this paper. This mapping function maps
the exterior of the elliptical hole with an edge crack in the w-plane
to the exterior of the unit circle in the f-plane shown in Fig. 2. TheMaterial 2
Surface S3
Surface S1
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a
b
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Fig. 1. Inﬁnite thin plate containing an elliptical hole with an edge crack under
uniform magnetic ﬁeld with c and a1 directions.
Fig. 2. Elliptical hole with an edge crack in an inﬁnite plate and a unit circle.formulation is given in Hasebe and Horiuchi (1978), Hasebe and
Inohara (1981) and Hasebe and Wang (2005).
When coefﬁcients Fk = 0 (k = 1, . . . ,24) and F0 = (a + b)/2 and
F25 = (a  b)/2, the hole becomes an elliptical one where ‘a’ and
‘b’ are semi-axes of the elliptical hole. The magnitude of a radius,
q, of curvature at the crack tip of (2) is q/a = 109–1011 which de-
pends on the crack length and is very small. The radii of curvature
at convex points K and H are also small, which is zero for an irra-
tional mapping function.
One of the biggest merits using a rational mapping function is
that stress functions achieved are exact ones for the geometrical
shape represented by the rational function and a solution of a
closed form can be obtained (Muskhelishvili, 1963). A rational
mapping function of a sum of fraction expressions of (2) is also ap-
plied to any complicated conﬁguration in principle (Hasebe and
Horiuchi, 1978; Hasebe and Ueda, 1980; Hasebe et al., 1984). The
technique can be also applied to a crack problem directly to calcu-
late stress intensity factor.3. Analysis of the magnetic ﬁeld for a soft ferromagnetic
material
The basic equations of the magnetic ﬁeld in the thin plate
(jzj 6 h/2) can be expressed by magnetic ﬁeld intensity from Max-
well equations due to a linear constitutive equation as follows
(Moon, 1984):
@Hz=@y @Hy=@z ¼ 0; @Hx=@z @Hz=@x ¼ 0;
@Hy=@x @Hx=@y ¼ 0 ð3a;b; cÞ@Hx=@xþ @Hy=@yþ @Hz=@z ¼ 0 ð4Þ
In the previous paper (Hasebe, 2010a), the electric current terms ex-
ist on the right hand side of (3a, b) which is different from the pres-
ent paper. In material 1, (3) and (4) must be also satisﬁed. These
equations are solved under the following boundary conditions on
the entire surfaces S1, S2 and S3 between materials 1 and 2:
ðBð2Þ  Bð1ÞÞ  n ¼ lð2ÞHð2Þ  lð1ÞHð1Þ
 
 n ¼ 0
ðHð2Þ Hð1ÞÞ  n ¼ 0
ð5a;bÞ
where B(2), H(2), l(2) and B(1), H(1), l(1) are the magnetic induction
ﬁeld, the magnetic ﬁeld intensity and the magnetic permeability
of materials 2 and 1, respectively; n is a unit normal vector at the
interface. Eqs. (5a,b) denote the continuity of the magnetic induc-
tion ﬁeld normal to and the magnetic ﬁeld intensity tangential to
the surface, respectively. The exact magnetic ﬁeld problem is a
three-dimensional one and is difﬁcult to be solved exactly;1α 0H
0H
0 1sinαH
0 1sinαH
0 1cosαB0 1cosαH
2α
2α
1α 1α
1α0 1cosαB
0 1sinαH
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Fig. 3. Magnetic ﬁeld on the surfaces; (a) magnetic ﬁeld components on the
surface; (b) horizontal magnetic ﬁeld intensity; (c) vertical magnetic induction
intensity; (d) incident and deﬂection angles.
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Fig. 4. Boundary condition of the magnetic ﬁeld on surface S3.
Fig. 5. Distributions of non-dimensional magnetic ﬁeld Hy, Hh/(H0sina1) for
b/a = 0.5: c/a = 0.5 (solid line), c/a = 1 (dotted line), c/a = 2 (dash-dotted line) and
c = p/2 along the x axis and the upper boundary surface.
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material. These assumptions are stated in Appendix A.
The magnetic ﬁeld applied to the plate shown in Fig. 3a is
decomposed in the magnetic ﬁeld intensity parallel to the plate
(Fig. 3b) and in the vertical magnetic induction ﬁeld to the plate
(Fig. 3c). The respective magnetic ﬁeld is analyzed.
3.1. Analysis of magnetic ﬁeld caused through surfaces S1 and S2
The magnetic ﬁeld shown in Fig. 3b is analyzed. The magnetic
ﬁeld can be assumed Hz(x,y,z) = 0(jzj 6 h/2) in the plate of a soft
ferromagnetic material stated in Appendix A, and Hx(x,y,z), Hy(x, -
y,z) are uniform through the plate thickness, i.e., the components
are not functions of variable z and are expressed by Hx(x,y), Hy(x,y).
Therefore the basic equations from (3) and (4) are
@Hy=@x @Hx=@y ¼ 0; @Hx=@xþ @Hy=@y ¼ 0 ð6a;bÞ
On surface S3, the following boundary condition may be
satisﬁed from (5a) under the condition l(1)/l(2)  0 because
l(1) l(2) for a soft ferromagnetic material:
Hð2Þ  n  Hð2Þr ¼ 0 ð7Þ
Introducing the magnetic complex potential function A(w) =
A(x(f))  A(f) satisfying (6), the components of the magnetic ﬁeld
intensity are calculated from the following equation (Hasebe
et al., 2007; Hasebe et al., 2008):
Hxðx; yÞ  iHyðx; yÞ ¼ dAðwÞ=dw ¼ A0ðfÞ=x0ðfÞ ð8Þ
The boundary condition on surface S3 is expressed as:
AðwÞ  AðwÞ ¼ AðrÞ  AðrÞ ¼ 2i
Z
Hð2Þ  ndsþ constant ð9Þ
where r denotes f on the unit circle in the f plane and the bar above
function denotes the conjugate function.
In the present problem, the magnetic ﬁeld expressed by (A2) in
Appendix A arises in the plate, and this magnetic ﬁeld intensity has
not satisﬁed the boundary condition (7). The magnetic complex
potential function to be achieved is expressed as follows:
AðfÞ ¼ AaðfÞ þ AbðfÞ ð10Þ
where the function, Aa(f), is given by (A2). Substituting the equation
above into the boundary condition, (7) and (9), multiplying the
resultant equation by dr/[2pi(r  f)], where f is a point outside
of the unit circle, and applying the Cauchy integral on the unit circle
in the clockwise direction, the function, Ab(f), is obtained as follows:
AbðfÞ ¼ H0 sina1 eic
X24
k¼1
Fk
fk  f
þ F25
f
 !
 eic F0
f
" #
ð11Þ
where H0 is the magnitude of the magnetic ﬁeld intensity H0. The
constant term appearing in the equation above becomes zero be-
cause Ab(1) = 0 at the remote ﬁeld. Therefore, (10) is expressed as
AðfÞ ¼ H0F0 sina1 eicfþ eic=f
  ð12Þ
where F0 ¼ F0.
Components of magnetic ﬁeld intensity Hr(f) and Hh(f) normal
and tangential to the curvilinear coordinates, respectively, ex-
pressed by the mapping function are calculated from the following
equations:
Hr  iHh ¼ eibðHx  iHyÞ; eib ¼ fx0ðfÞ=jfx0ðfÞj ð13a;bÞ3.2. Analysis of magnetic ﬁeld caused through surface S3
The boundary condition of (5b) on surface S3 shown in Fig. 4 is
given by
Hð2Þz ¼ Hð1Þz ¼ H0 cosa1 ð14Þ
From (5a) and l(1)/l(2)  0, the components of the magnetic ﬁeld
intensity vertical to surface S3 is zero on surface S3 (see (7)), i.e.,
Hð2Þr ðx; yÞ ¼ 0 ð15Þ
In the equation above, the components on the surface S3 may be
uniform through the plate thickness, i.e. not functions of variable
z. Because the boundary condition (14) of Hð2Þz is uniform through
the thickness of the plate and the plate thickness is thin, the com-
ponent Hð2Þz in the plate may be also assumed to be uniform through
the plate thickness, i.e., not a function of the variable z, @Hz/@z = 0.
From this condition and (4), the components Hð2Þx and H
ð2Þ
y must sat-
isfy (6) in the plate and the boundary condition (15). The solution is,
Hð2Þx ðx; yÞ ¼ Hð2Þy ðx; yÞ ¼ 0 ð16Þ
i.e., the components Hð2Þx and H
ð2Þ
y do not arise through surface S3.
Next the component Hð2Þz caused through surface S3 is deter-
mined from (3) and (4) and boundary condition (14). The following
equations must be satisﬁed from (16), (3) and (4):
@Hð2Þz =@y ¼ 0; @Hð2Þz =@x ¼ 0; @Hð2Þz =@z ¼ 0 ð17a;b; cÞ
From (17) and (14), Hð2Þz is obtained in the plate as follows:
Hð2Þz ¼ H0 cosa1 ð18Þ
It is noticed that the magnetic ﬁeld Hð2Þz does not relate to the direc-
tion c and is not caused in the plate for a1 = p/2. The equation
lð1ÞHð1Þz ¼ lð2ÞHð2Þz holds on surfaces S1 and S2 (see (5a)); therefore
Fig. 6. Distributions of non-dimensional magnetic ﬁeld Hy, Hh/(H0sina1) for b/a = 1:
c/a = 0.5 (solid line), c/a = 1 (dotted line), c/a = 2 (dash-dotted line) and c = p/2 along
the x axis and the upper boundary surface.
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Fig. 7. Maxwell stress components.
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It is noticed that very large magnetic ﬁeld intensity Hð1Þz arises on
the plate.
Figs. 5 and 6 show non-dimensional magnetic ﬁeld for an ellip-
tical hole with some crack lengths. The magnitude is shown by the
distance from the axis. The magnetic ﬁeld intensity, Hh, along the
elliptical hole is positive in the counterclockwise direction. The
component Hh is zero at the points K(H) because of the convex cor-
ners. The concentration of Hy arises at the notch tip in Figs. 5 and 6
forc = p/2. It is interesting that Fig. 5 in the present paper is the
same form as that of the previous paper (electric current) (Hasebe,
2010a) except for the sign of Hx,Hy,Hh because the direction of the
magnetic ﬁeld is different by 180 each other. The magnetic ﬁeld
Hð2Þz is constant in the entire plate (see (18)) and is different from
that of the electric current (Hasebe, 2010a).
4. Maxwell stress components and the discontinuous
magnitude on the boundary surface
In the present paper, Maxwell stress for stress analysis is used
for a soft ferromagnetic material (a linear magnetic material).
The magnetic ﬁeld inﬂuences the elastic body through the Lorentz
body force in equilibrium equations (Paria, 1967; Moon, 1984).
@rik
@xk
þ ðr HÞ  Bð Þi ¼ 0
ðr HÞ  Bð Þi ¼ ðr HÞ  lHð Þi 
@sik
@xk
ði; k ¼ 1;2;3Þ
ð20a;bÞ
where B is the magnetic induction ﬁeld vector.
When the linear constitutive equation for the magnetic ﬁeld is
considered, Maxwell stress tensor, sik, is expressed by the magnetic
ﬁeld intensity H as follows:
sik ¼ l
1=2ðH2x  H2y  H2z Þ HxHy HxHz
HyHx 1=2ðH2y  H2z  H2x Þ HyHz
HzHx HzHy 1=2ðH2z  H2x  H2yÞ


ð21Þ
In the equation above, l is the permeability of the magnetic
material 2. In the following equations, the superscript (2) of l for
material 2 is omitted except for especial cases.
The components of magnetic ﬁeld intensity Hx, Hy in the plate
(jzj 6 h/2) are given by (12), (8) and Hz(x,y) is given by (18). The
discontinuous magnitude of Maxwell stress between materials 1
and 2 is expressed as follows (Hasebe, 2010a):Tn1  Tn2 ¼ ðHBnÞ1  ðHBnÞ2 
1
2
ðH  BÞ1  ðH  BÞ2
 
n
¼ B
2
n
lð1Þ
nþHtBn
( )
1
 B
2
n
lð2Þ
nþHtBn
( )
2
 1
2
B2n
lð1Þ
þ lð1ÞH2t
 !
1
n B
2
n
lð2Þ
þ lð2ÞH2t
 !
2
n
( )
¼ 1
2
1
lð1Þ
 1
lð2Þ
	 

B2n  lð1Þ  lð2Þ
 
H2t
 
n  Tnn ð22Þ
where the direction of the positive normal vector n is one from
materials 2 to 1 on the surface.
It is noticed that the direction of the discontinuous magnitude
of Maxwell stress is normal to the surface. Each magnetic stress
on surfaces S3, S1 and S2 is presented as follows:
(a) Boundary surface S3:
On surface S3, the magnetic ﬁeld intensities considering (7)
areBn  lð2ÞHð2Þr ¼ 0; H2t ¼ H2z þ H2h ð23a;bÞ
where Hh is the magnetic ﬁeld intensity along the elliptical
surface (see (13)), and Hzð¼ Hð2Þz Þ is the magnetic ﬁeld inten-
sity in the direction of the plate thickness on surface S3 (see
Fig. 4 and (14)). The discontinuous magnitude on surface S3
is given from (22) and (23) by the following equation:
Tn ¼ Tn1  Tn2 ¼ 12 l
ð1Þ  lð2Þ  H2t   12lð2Þ H2z þ H2h 
ð24Þ
where l(1) l(2) for a soft ferromagnetic materials. This
magnetic stress component Tn exerts from materials 2 to 1
on surface S3. Therefore the magnetic stress component ap-
plied to material 2 is Tn.(b) Boundary surfaces S1 and S2:
The magnetic ﬁeld on surfaces S1 and S2 from (5), (8, 12) and
(18) (see Figs. 3b and c) isBn ¼ lð1ÞHð1Þz ¼ lð2ÞHð2Þz ; H2t ¼ H2x þ H2y ð25a;bÞ
These magnetic stress components contribute to the defor-
mation of the plate thickness, because the magnitudes of
(25) are the same values with the opposite direction on sur-
faces S1 and S2, respectively.Figs. 7a and b show Maxwell stress components symmetric to
and anti-symmetric to the z = 0 plane, respectively. All Maxwell
stress components in the plate are not functions of variable z.
The contribution of these Maxwell stresses to the deformation as
the body force is investigated. The equilibrium Eq. (20) is divided
to the following three equilibrium equations due to the contribu-
tion of Maxwell stress components to the deformation:
2124 N. Hasebe / International Journal of Solids and Structures 48 (2011) 2120–2130State 1: The components 1=2lðH2x  H2y  H2z Þ;1=2lðH2y  H2z H2x Þ
and lHxHy = lHyHx in Fig. 7a contribute to the plane elas-
tic deformation (see (21)) and the magnetic stress on the
boundary is given by (24). The shear stress components
sxz = syz = 0 symmetric to the z = 0 plane can be assumed,
because the plate thickness is thin. Therefore the stress
analysis is carried out as plane stress problem (general-
ized plane stress state) in the next section.
State 2: The component 1=2lðH2z  H2x  H2yÞ in Fig. 7a contrib-
utes to the deformation of the plate thickness. The
boundary condition is given by (25) and the stress anal-
ysis is carried out in Section 6.
State 3: Maxwell stress components shown in Fig. 7b apply as the
shear stress in the plate and cause the shear deﬂection of
the thin plate. The stress analysis is carried out in section
7. This shear deﬂection does not arise in a plate under
uniform electric current in the previous paper (Hasebe,
2010a).
It is necessary to state that the out of plate bending due
to the bending moment is not caused by Maxwell stress
shown in Fig. 7 and also the magnetic stress on the
boundary (see (22)). Therefore the deﬂection of the plate
in the present problem is caused only by the shear
deﬂection mentioned in state 3.
5. Analysis of plane stress problem
For convenience, the plane stress problem is separated to two
stress states and are analyzed for each problem, i.e., stress states
(a) and (b) as follows (Hasebe, 2010a):
Stress state (a):
@rx
@x
þ @sxy
@y
þ l 1
2
@
@x
H2x  H2y
 
þ @
@y
HxHy
   ¼ 0
@sxy
@x
þ @ry
@y
þ l 1
2
@
@y
H2y  H2x
 
þ @
@x
HyHx
   ¼ 0 ð26a;bÞ
Stress state (b):
@rx
@x
þ @sxy
@y
 1
2
l @ðHzÞ
2
@x
¼ 0
@sxy
@x
þ @ry
@y
 1
2
l @ðHzÞ
2
@y
¼ 0
ð27a;bÞ
(a) Analysis of stress state (a)
When the following stress functions using the mapping func-
tion (2) are introduced,
uaðwÞ ¼ ua½xðfÞ  UaðfÞ; waðwÞ ¼ wa½xðfÞ  WaðfÞ ð28a;bÞ
the stress components are expressed as follows:
rx þ ry ¼ 4Re U0aðfÞ=x0ðfÞ
 
ry  rx þ 2isxy ¼ 2 xðfÞ U
0
aðfÞ
x0ðfÞ
	 
0 1
x0ðfÞ þ
W0aðfÞ
x0ðfÞ
" #
þ lðHx  iHyÞ2
ð29a;bÞ
The boundary equation is
UaðrÞ þxðrÞU
0
aðrÞ
x0ðrÞ þWaðrÞ ¼
1
2
lð1Þ  lð2Þ  Z H2hx0ðrÞdr
¼ 1
2
lð1Þ  lð2Þ  Z ðHx  iHyÞ2x0ðrÞdr
¼ 1
2
lð1Þ  lð2Þ  Z  A0ðrÞ
x0ðrÞ
 2
x0ðrÞdr
ð30Þwhere r denotes a coordinate on the unit circle in the f-plane. The
function A(f) is expressed by (12).
Multiplying dr/[2pi(r  f)] to (30), and carrying out Cauchy
integration on the unit circle, the following equation is obtained:
UaðfÞ ¼ 
X24
k¼1
Fk
fk  f
U0aðf0kÞ
x0ðf0Þ þ 1=2 l
ð1Þ  lð2Þ H20F0 sin2 a1e2ic=f
 
X24
k¼1
Fk
fk  f
U0aðf0kÞ
x0ðf0Þ  1=2l
ð2ÞH20F0 sin
2 a1e2ic=f ð31Þ
where lð1Þ  lð2Þ   lð2Þ, and l(1) l(2) was used. This Cauchy
integration of the right hand side of (30) and unknowns U0aðf0kÞare
decided solving 2n = 48 simultaneous equation (Hasebe, 2010a;
Hasebe et al., 2007).
Another stress function is obtained from analytic continuation
of (30) as
WaðfÞ ¼ Ua 1f
	 

 xð1=fÞU
0
aðfÞ
x0ðfÞ
þ 1
2
lð1Þ  lð2Þ  Z ðHx  iHyÞ2x0ðrÞdr ð32Þ
As mentioned in Appendix B, it is interesting to notice that the
stress states of (29), (31) and (32) are the same as the pure shear
stress state (Hasebe and Ueda, 1980).
Stress components for an arbitrary direction c of the magnetic
ﬁeld can not be obtained by the composition of the individual
stress components of, for example, c = 0 and p/2 because the direc-
tion of magnetic ﬁeld is expressed bye2ic.
The stress components rh, rr, srh tangential and normal to the
curvilinear coordinates expressed by the mapping function (2)
are calculated from
rh þ rr ¼ rx þ ry
rh  rr þ 2isrh ¼ e2ibðry  rx þ 2isxyÞ
ð33a;bÞ
where e2ib is the square of (13b).
(b) Analysis of stress state (b)
The stress analysis of stress state (b) is carried out by a similar
way to stress state (a). Introducing the mapping function (2) and
stress functions Ub(f) and Wb(f), stress components are expressed
as follows:
rx þ ry ¼ 4Re U0bðfÞ=x0ðfÞ
 þ lðHzÞ2
ry  rx þ 2isxy ¼ 2 xðfÞ U
0
bðfÞ
x0ðfÞ
	 
0 1
x0ðfÞ þ
W0bðfÞ
x0ðfÞ
" # ð34a;bÞ
and the stress boundary condition is expressed by
UbðrÞ þxðrÞU
0
bðrÞ
x0ðrÞ þWbðrÞ ¼
1
2
lð1Þ  lð2Þ  Z ½Hz2x0ðrÞdr
¼ 1=2 lð1Þ  lð2Þ H20 cos2 a1xðrÞ
ð35Þ
Multiplying dr/[2pi(r  f)] to (35), and carrying out Cauchy inte-
gration on the unit circle, the following equation is obtained:
UbðfÞ ¼ 
X24
k¼1
Fk
fk  f
U0bðf0kÞ
x0ðf0kÞ
þ 1=2 lð1Þ  lð2Þ H20
 cos2 a1
X24
k¼1
Fk
fk  f
þ F25
f
 !
 
X24
k¼1
Fk
fk  f
U0bðf0kÞ
x0ðf0kÞ
 1=2lð2ÞH20 cos2 a1 xðfÞ  F0fð Þ ð36Þ
Fig. 10. Nondimensional stress distributions rh ;rx;ry= lH20 cos2 a1
 
of stress state
(b) for b/a = 0.5 along the upper surface of the elliptical hole with crack length c/
a = 1.0 and along the x axis.
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mined by similar way to the stress state (a) (Hasebe, 2010a; Hasebe
et al., 2007).
Another stress function is obtained from analytic continuation
of (35) as
WbðfÞ ¼ Ubð1=fÞ  xð1=fÞU
0
bðfÞ
x0ðfÞ 
1
2
lð2ÞH20 cos
2 a1 xð1=fÞ ð37Þ
Or multiplying dr/[2pi(r  f)] to the conjugate equation of (35),
and carrying out Cauchy integration on the unit circle, the following
equation is obtained:
WbðfÞ ¼ 
xð1=fÞ
x0ðfÞ U
0
bðfÞ þ
X24
k¼1
Fkf
02
k
f f0k
U0ðf0kÞ
x0ðf0kÞ
 1
2
lð2ÞH20 cos
2 a1
F0
f
ð38Þ
Eqs. (37) and (38) are the same equations, and do not include the
direction c. The stress components are calculated from (34), and
those of the curvilinear coordinates expressed by the mapping func-
tion are calculated by (33).
The ﬁnal plane stress state is obtained by the superposition of
stress states (a) and (b). When the incident angle,a1 = 0, Hx = Hy = 0
from (8) and (12). Therefore stress state (a) does not arise in theFig. 8. Nondimensional stress distributions rh ;rx;ry= lH20 sin
2 a1
n o
of stress state
(a) for c = 0 and b/a = 0.5 the upper surface of the elliptical hole with crack length c/
a = 1 and along the x axis.
Fig. 9. Nondimensional stress distributions rh ;rx;ry= lH20 sin
2 a1
n o
of stress state
(a) for c = 0 and b/a = 1 along the upper surface of the circular hole with crack length
c/a = 1.0 and along the x axis.
Fig. 11. Nondimensional stress distributions rh ;rx;ry= lH20 cos2 a1
 
of stress state
(b) for b/a = 1.0 along the upper surface of the circular hole with crack length c/
a = 1.0 and along the x axis.plate. When the incident angle, a1 = p/2, Hz = 0 from (18). Therefore
stress state (b) does not arise in the plate.
Figs. 8 and 9 show the non-dimensional stress distribution
for c = 0 along the x axis and the upper surface of the elliptical
hole with a crack for stress state (a). The stress distributions at
the remote area are tensile and compressive stresses rx;ry=
lH20 sin
2 a1 ¼ 	0:5 in the direction of the x axis, respectively. It
coincides with Faraday Law of the electric power line. This stress
state presents the pure shear stress state (see Appendix B). There-
fore the non-dimensional stress distribution under the magnetic
ﬁeld caused by uniform electric current and uniformmagnetic ﬁeld
in the present case takes same form because the same magnetic
ﬁelds arise (Hasebe, 2010a). Figs. 10 and 11 show the stress distri-
bution of stress state (b) due to the magnetic ﬁeld Hz(x,y). There
are stress concentrations at the crack tip. The stress distributions
at the remote area are tensile stresses rx;ry=lH20 cos2 a1 ¼ þ0:5
in the direction of the x axis.6. Stress in the direction of the plate thickness
Because szx = szy = 0 is assumed when the plate thickness is thin,
the equation contributing to the deformation of the plate thickness
is expressed by (see Fig. 7a) (Hasebe, 2010a),
Fig. 12. Non-dimensional shear stress distributions szh ; szy= lH20 sin 2a1
 
of shear
deﬂection for c = p/2 and b/a = 0.5 along the upper surface of the elliptical hole with
crack length c/a = 1.0 and along the x axis.
Fig. 13. Non-dimensional shear stress distribution szh; szy= lH20 sin 2a1
 
of shear
deﬂection for c = p/2 and b/a = 1.0 along the upper surface of the circular hole with
crack length c/a = 1.0 and along the x axis.
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@z
þ @szz
@z
¼ @rz
@z
þ 1
2
lð2Þ
@ðH2z  H2x  H2yÞ
@z
¼ 0 ð39Þ
The variation of the magnetic momentum on the boundary surfaces
S1 and S2(jzj =±h/2) is
rz þ lð2Þ H2z  H2x  H2y
 
=2þ Tn ¼ pzð¼ 0Þ
Tn ¼ Tn1  Tn2 ¼ 1=lð1Þ  1=lð2Þ
 
lð2ÞHð2Þz
 2
=2
 lð1Þ  lð2Þ  H2x þ H2y =2
ð40a;bÞ
where external force pz = 0 in the present problem and the magnetic
stress, Tn, is given by (22). From (39) and (40), the stress component
rz in the plate is expressed by
rz ¼ ðlð2ÞÞ2H2z=ð2lð1ÞÞ þ lð1Þ H2x þ H2y
 
=2
 ðlð2ÞÞ2H20 cos2 a1=ð2lð1ÞÞ ð41Þ
where l(1) l(2) is used.Stress rz is very strong compressive stress
in the plate, because the permeability of air l(1) is very small (see
(1)). When the incident angle a1 = p/2, the magnetic ﬁeld intensity
in the plate is Hz = 0, and rz is almost zero because l(1) is very small
(see the second term of the second equation of (41)).
7. Analysis of the shear deﬂection
In the previous paper of the electric current, the shear deﬂection
does not arise. In the present paper, the shear deﬂection arises, and
the derivation is carried out. The equilibrium equations due to
Maxwell shear stress components anti-symmetric to the z plane
(see Fig. 7b) can be written from (20) and (21) as follows:
@
@z
sxz þ lHxHzð Þ ¼ 0; @
@z
syz þ lHyHz
  ¼ 0
@
@x
szx þ lHzHxð Þ þ @
@y
szy þ lHzHy
  ¼ 0 ð42a;b; cÞ
Because Maxwell shear stress lHzHx and lHzHy are not functions of
variable z, components szx, szy are not functions of variable z from
(42a, b), i.e., uniform through the plate thickness. The problem of
(42) is an anti-plane shear stress problem (longitudinal shear stress
problem) (Hasebe et al., 1986a). When the magnetic shear stress
terms are expressed by
szxs  szx þ lHzHx; szys  szy þ lHzHy ð43a;bÞ
the variation of the magnetic momentum on the boundary (stress
boundary condition) is
szxsdyþ szysðdxÞ ¼ szrdsð¼ 0Þ ð44Þ
where szr is the external shear stress on the boundary, and szr = 0 in
the present case. The magnetic shear force does not apply on the
boundary surface S3 (see (23)); therefore the solution isszxs =
szys = 0, that is,
szx ¼ lHzHx; szy ¼ lHzHy ð45a;bÞ
The shear stress szx, szy of (45) satisﬁes the boundary condition
(szr = 0) on surface S3 because Hð2Þr ¼ 0 is satisﬁed (see (7)). When
the shear deﬂection is expressed by ws(x,y), the shear stress compo-
nents are expressed by
szx ¼ G@ws=@x; szy ¼ G@ws=@y ð46a;bÞ
where G is the shear modulus. The shear deﬂection ws(x,y) is con-
ﬁrmed to be a harmonic function from (42c) and (46), because
(6b) and (17) holds. Therefore introducing a complex potential
function S(w) = S(x(f))  S(f), the shear stress components andthe shear deﬂection are expressed using (45), (46a,b) and (8) as
follows:
szx  iszy ¼ GdSðwÞ=dw ¼ GS0ðfÞ=x0ðfÞ ¼ lHð2Þz A0ðfÞ=x0ðfÞ
ws ¼ SðfÞ þ SðfÞ
h i
=2
ð47a;bÞ
The function,S(f), is derived by the integral of (47a):
SðfÞ ¼ lð2ÞHð2Þz AðfÞ=G
¼ lð2ÞH20 sina1 cosa1F0ðeicfþ eic=fÞ=G ð48Þ
The defection angle at inﬁnity becomes constant value, but the
shear deﬂection becomes inﬁnite, because the plate is inﬁnite,
and the deﬂection is anti-symmetric to, for example, the y axis
forc = 0. It is noticed from (47b), (48), (14) and (12) that when the
incident angle a1 = p/4, the shear deﬂection and shear stresses are
maximum.
The shear stress components szh, szr tangential and normal to
the curvilinear coordinates, respectively, expressed by the map-
ping function (2) are calculated from
szr  iszh ¼ eibðszx  iszyÞ ð49Þ
Fig. 15. Non-dimensional stress intensity factor Modes I and II versus crack length
c/a for stress state (a): b/a = 0.5 (dash-dotted lines), b/a = 1 (dotted lines), b/a = 2
(solid lines) and equivalent stress intensity factor eK Iaeq for crack length
2acr = (2a + c).
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terclockwise direction. Figs. 12 and 13 show distributions of non-
dimensional shear stress component. There is a stress concentration
of szy at the elliptical tip. The stress component is zero at points K
(H), because these points are convex corners.
8. Intensity factor at the crack tip and the magnitude of stress
It is noticed from (8) that the magnetic ﬁeld intensities Hx(x,y),
Hy(x,y) have the singularity and is the same as that of the electric
current at the crack tip (Hasebe, 2010a). The components near the
crack tip for a ferromagnetic material are given by the following
equations:
Hxðx; yÞ ¼ Hfﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p sin h
2
; Hyðx; yÞ ¼  Hfﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
ð50a;bÞ
where r is the distance from the crack tip and h is the angle mea-
sured in the counterclockwise direction. The intensity Hf is obtained
using the magnetic complex potential function A(f), (8), as follows:
Hf ¼ i
ﬃﬃﬃ
p
p
A0ðf0Þ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eik1x00ðf0Þ
q
¼ 2 ﬃﬃﬃpp F0H0 sina1 sin c ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pap = ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2x00ðf0Þp
Hf ¼ ~HfH0 sina1 sin c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pa
p
ð51a;bÞ
where k1 is the angle between the x axis and crack direction, and f0
is the coordinate at the crack tip, and k1 = 0, and f0 = 1 in the present
case. The coefﬁcient eHf is the non-dimensional intensity. It is no-
ticed that the intensity Hf is maximum for c = p/2, i.e., the magnetic
ﬁeld is vertical to the crack direction.
Fig. 14 shows the non-dimensional intensity eHf versus the crack
length,c/a, for some elliptical holes. Though the value of Hf is
minus, the value of Hy(x,y) is plus at the crack tip (see (50b) and
Fig. 5). The line of eHfeqis the intensity for the equivalent crack
length 2acr = (2a + c), and is deﬁned as follows:
Hfeq ¼ eHfeqH0 sina1 sin c ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2papeHfeq ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ c=ð2aÞp = ﬃﬃﬃ2p ð52a;bÞ
The difference among values eHf and eHfeq shows the effect of the
hole.
The magnetic ﬁeld intensity Hz(x,y) does not take any singular-
ity at the crack tip (see (18)).
Stress components have a stress singularity at the crack tip. The
stress intensity factors (SIF), KIa, KIIa for stress state (a) are calcu-
lated by the following equations using (31):Fig. 14. Non-dimensional magnetic ﬁeld intensity versus crack length c/a for b/
a = 0.5 (solid line), b/a = 1 (dotted line), b/a = 2 (dash-dotted line) and equivalent
intensity eHfeq for crack length 2acr = (2a + c).KIa  iKIIa ¼ 2
ﬃﬃﬃ
p
p
U0aðf0Þ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eik1x00ðf0Þ
q
eKIa ¼ KIa= lð2ÞH20 sin2 a1 cos 2c ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2paph ieKIIa ¼ KIIa= lð2ÞH20 sin2 a1 sin 2c ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2paph i
ð53a;b; cÞ
where eK Ia; eK IIa are the non-dimensional stress intensity factors and
l(1)/l(2)  0 was used.
Fig. 15 shows non-dimensional SIF for stress state (a) and the
line of eKIaeq is that for the equivalent crack length 2acr = (2a + c).
The equivalent SIF is deﬁned (Hasebe, 2010b) as follows:
KIaeq ¼ eKIaeqlð2ÞH20 sin2 a1 cos 2c ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pap
KIIaeq ¼ eKIIaeqlð2ÞH20 sin2 a1 sin 2c ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2papeKIaeq ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ c=ð2aÞp =2 ﬃﬃﬃ2peKIIaeq ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ c=ð2aÞp =2 ﬃﬃﬃ2p
ð54a;b; c;dÞ
The SIF increases with the crack length; therefore, once a crack
starts to propagate, it does not stop. Modes I and II SIF change with
cos2c and sin2c for the magnetic ﬁeld direction, respectively. When
the direction of the uniform magnetic ﬁeld is c = 0 and c = p/4, the
KIa and KIIa take the maximum value, respectively. The difference
between SIF and eK Iaeq shows the effect of the elliptical hole. These
SIF are the same as those of SIF of the uniform electric current (Has-
ebe, 2010a).
The SIF for stress state (b) can be obtained using the stress func-
tion Ub(f) in (53a), and are given by
KIb ¼ eKIblH20 cos2 a1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pap ; KIIb ¼ 0 ð55a;bÞ
The equivalent SIF KIbeq is deﬁned for the equivalent crack length
2acr = (2a + c) as follows:
KIbeq ¼ eKIbeqlH20 cos2 a1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pap ;
~KIbeq ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c=ð2aÞ
p
=2
ﬃﬃﬃ
2
p ð56a;bÞ
Fig. 16 shows non-dimensional SIF for stress state (b) and the lineeKIbeq. Values KIb are always positive for any incident angle a1 except
a1 = p/2, and does not relate to the direction c. Values KIIb are al-
ways zero.
The total stress intensity factors KI and KII are given by the
superposition of stress states (a) and (b). The SIF of stress states
(a) and (b) have the same order in magnitude (see Figs. 15 and
16). When c = 0, the KI = KIa + KIb value takes maximum value.
The KII value is maximum when angle c = p/4 and a1 = p/2.
Fig. 16. Non-dimensional Mode I stress intensity factors for stress state (b) versus
crack length c/a for b/a = 0.5 (solid line), b/a = 1 (dotted line), b/a = 2 (dash dotted
line) and equivalent stress intensity factor eK Ibeq for crack length 2 acr = (2a + c).
Fig. 17. Non-dimensional Mode III stress intensity factors versus crack length c/a
for b/a = 0.5 (solid line), b/a = 1 (dotted lines), b/a = 2 (dash dotted lines) and
equivalent stress intensity factor eK IIIeq for crack length 2acr = (2a + c).
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Mode III SIF which is (Hasebe et al., 1986a)
KIII ¼ i
ﬃﬃﬃ
p
p
GS0ðf0Þ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x00ðf0Þ
p
¼ eKIIIlH20 sin 2a1 sin c ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pap ð57Þ
When a1 = 0, p/2, the KIII does not arise. Also when c = 0, the KIII
does not arise due to the symmetry to the x axis. When a1 = p/4
and c = p/2, it takes the maximum value. Fig. 17 shows the non-
dimensional SIF of Mode III. It is interesting that this ﬁgure is the
same as Fig. 14 because A(f) is the same.
It is important to investigate the magnitude of stress in the
plate exposed by the given uniform magnetic ﬁeld. At the remote
ﬁeld of the plate of stress state (a), the stress component is given
by ry ¼ lð2ÞH20=2 ¼ l0 1þ vð2Þ
 ðB0=l0Þ2=2  vð2ÞB20=ð2l0Þ using (1)
for c = 0 and a1 = p/2 (see Figs. 8, 9 and (B3)). For example, when
steel of susceptibility v(2) = 103 and 104, and B0 = 1 Tesla (the satu-
ration is around 2 Tesla) are considered, ry  0.4  103 and
4  103 MPa, respectively, and this value is comparable magnitude
in engineering, because the Yield stress of steel is around
1.4  2.0  103 MPa. Similar investigation can be carried out for
stress state (b).
Maxwell stress components have a singularity of order 1/r at
the crack tip as noticed from (50) and (21). However as stated in
Appendix B, stress components in stress state (a) do not positively
include Maxwell stress components, and thus the singularity oforder 1/r does not appear at the crack tip. For stress state (b), Max-
well stress component H2z ðx; yÞ does not include any singularity.
9. Stress for paramagnetic, diamagnetic and soft ferromagnetic
materials
In the previous paper of uniform electric current, the relation-
ships among paramagnetic, diamagnetic and soft ferromagnetic
materials were investigated. Therefore it is also interesting and
important to investigate the relationship of magneto elastic stress
under uniform magnetic ﬁeld among paramagnetic, diamagnetic,
and ferromagnetic materials. First, the magnetic ﬁeld in the plate
of the paramagnetic, diamagnetic materials is investigated. The
permeability l(2) of the paramagnetic and diamagnetic material
is almost the same as that of material 1 (air), i.e., l(2)  l(1). There-
fore the magnetic ﬁeld in paramagnetic and diamagnetic materials
is the same as that of the magnetic ﬁeld of material 1 (air) due to
the boundary condition (5). The magnetic ﬁelds in the plate are gi-
ven by (see (A2) and Fig. 3)
Hð2Þx ¼ H0 sina1 cos c; Hð2Þy ¼ H0 sina1 sin c
Hð2Þz ¼ H0 cosa1
ð58a;b; cÞ
The magnetic ﬁelds Hx, Hy are different from, but Hz are the same as
those of a soft ferromagnetic material, respectively (see (8, 12) and
(18)).
The boundary condition of stress state (a) for paramagnetic and
diamagnetic materials is the same equation as (30) (see (B1)):
UaðrÞ þxðrÞU
0
aðrÞ
x0ðrÞ þWaðrÞ ¼
1
2
lð1Þ  lð2Þ  Z ðHx  iHyÞ2x0ðrÞdr
ð59Þ
The stress functions are obtained from this boundary using (58) as
follows:
UaðfÞ ¼ 
X24
k¼1
Fk
fk  f
U0aðf0kÞ
x0ðfkÞ
þ 1=2 lð1Þ  lð2Þ H20 sin2 a1F0e2ic=f
WaðfÞ ¼ Ua 1f
	 

 xð1=fÞ
x0ðfÞ U
0
aðfÞ
þ 1
2
lð1Þ  lð2Þ  Z ðHx  iHyÞ2x0ðrÞdr
¼ Ua 1f
	 

 xð1=fÞ
x0ðfÞ U
0
aðfÞ
þ 1
2
lð1Þ  lð2Þ H20 sin2 a1e2icxðfÞ ð60a;bÞ
(60a) is the same form as (31). Because stress components are ex-
pressed by (B3) in Appendix B, the expressions for stress component
for paramagnetic, diamagnetic and soft ferromagnetic material are
the same ones except that the magnitude of the permeability l(2)
is only different. This fact was already stated in Hasebe et al.
(2007); Hasebe (2010a).
The boundary condition of stress state (b) for paramagnetic and
diamagnetic materials is also given by (35). Therefore the stress
functions are the same as those of soft ferromagnetic material. Nat-
urally because the magnetic ﬁeld (18) and the boundary condition
are the same ones for paramagnetic, diamagnetic and soft ferro-
magnetic materials, the same magnetic stresses can be obtained.
The only difference is the magnitude of permeability of the mate-
rials among these materials. Therefore from the discussion above
the distinction among paramagnetic, diamagnetic and soft ferro-
magnetic materials is unnecessary for the analyses of the plane
stress state, though the magnetic ﬁelds Hx, Hy are different for each
material. This fact comes from that the constitutive equation of the
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stress ﬁelds of a paramagnetic material is easier than that of a soft
ferromagnetic material, the analyses may be carried out using the
magnetic ﬁeld of a paramagnetic material and then the results can
be applied to a soft ferromagnetic material.
Analysis of shear deﬂection for paramagnetic and diamagnetic
materials can be carried out by the same way as section 7 and
the same form solution can be obtained for stress components.
However the magnetic ﬁelds Hx, Hy are different from those of a
soft ferromagnetic material.
The stress component rz is derived by the same way as that in
section 6. It is
rz ¼ ðlð2ÞÞ2H2z=ð2lð1ÞÞ þ lð1Þ H2x þ H2y
 
=2
 lð1Þ H2z  H2x  H2y
h i
=2 ð61Þ
The ﬁrst equality is the same form as that of (54). However the
function of the magnetic ﬁeld Hx, Hy is different from that of soft fer-
romagnetic material. Therefore the distributions are different for
the respective materials. However in case of a soft ferromagnetic
material, the second term can be neglected. The magnitude of rz
for paramagnetic and diamagnetic materials is extremely small
and can be neglected in engineering side.
10. Conclusions
Using a rational mapping function, the analyses of the magneto
elastic ﬁeld and the magnetic stress were carried out. The closed
form solutions were obtained for each problem. If Fk = 0
(k = 1,2, . . . ,n (=;24)) are taken in these solutions, the solutions
for an elliptical hole can be obtained. When the semi-axesa = 0,
b– 0, and the crack length c– 0, solutions of a T shaped crack
can be obtained for each problem. If the coefﬁcients of the mapping
function (2) are changed, other geometric shapes can be analyzed,
for examples, a square hole with a crack (Hasebe and Ueda, 1980),
and a kinked crack (Hasebe and Inohara, 1981; Hasebe et al.,
1986b). The radius of curvature at the crack tip is very small;
therefore the stress intensity factor can be calculated directly from
the stress function. This is one of the merits of a rational mapping
function of the present paper.
The magneto elastic stress analysis using Maxwell stress is
straightforward and acceptable, because according to the electro-
magneto theory, only Maxwell stresses are caused as the body
force in the magnetic material. Except for the approximation of
the plane stress state in which the plate is thin, no further assump-
tions for the stress analysis are made, though Maxwell stresses and
the boundary condition are expressed by nonlinear terms due to
Maxwell stress components. The boundary condition expressed
by Maxwell stress is the precise boundary condition which is com-
pletely satisﬁed without any linear assumptions on the boundary.
Maxwell stress components in the present problem cause the
shear deﬂection as well as the plane stress state and the stress
component rz. From the stress analysis which was carried out for
soft ferromagnetic, paramagnetic and diamagnetic materials, as
the result, the expressions of stress for those materials for plane
stress state are the same ones, though the respective magnetic
ﬁelds, Hx, Hy, are different. This mechanical truth comes from a lin-
ear magnetic material. If to obtain the magnetic ﬁeld of a paramag-
netic material is easier than that of a soft ferromagnetic material,
the stress analysis may be carried out using the paramagnetic ﬁeld
of the paramagnetic material, and then the solution can be applied
to a soft ferromagnetic material.
The stress of rz are different for respective materials, but is
strong compressive stress in the plate for a soft ferromagnetic
material. The magnetic ﬁeld intensity Hð1Þz ðx; yÞ is very large in
the plate (see (19)).The magnetic ﬁelds in the plate consist of those through
surfaces S1 and S2 and through surface S3. The magnetic ﬁeld is
essentially three dimensional one; therefore, the precise two-
dimensional magnetic ﬁeld in the plate is necessary to analyze
the two-dimensional magneto elastic problem.
Stress state (a) caused by the magnetic ﬁeld Hx, Hy is the same
as that of uniform shear stress state. Therefore, the stress functions
of stress state (a) for a thin plate with a hole of an arbitrary shape
under uniform magnetic ﬁeld are given by the stress functions
with uniform shear stress lH20ðsina1Þ2=2  s0 at the remote ﬁeld.
Stress components for an inﬁnite plate with an arbitrary shaped
hole can be obtained from Hasebe et al. (2001, 2007) or for exam-
ple, (Hasebe and Ueda, 1980) for pure shear stress analysis. Or
superposition of stress states subject to compression in the direc-
tion of magnetic ﬁeld and tension in the perpendicular to the mag-
netic ﬁeld at the remote ﬁeld. This fact coincides with Faraday’s
law of electric power line.
The SIF for stress state (a) are given by (53), and take maximum
values when the incident anglea1 = p/2. When anglec = 0, KIa also
takes a maximum value. Stress components and SIF for an arbitrary
direction of the magnetic ﬁeld cannot be obtained by the composi-
tion of the individual direction, for example, c = 0 and p/2.
Stress state (b) is caused by the Hz(x,y) magnetic ﬁeld. The
stress order of Stress states (a) and (b) is the same one in the mag-
nitude, and the magnetic stress was investigated for steel as an
example, and the comparable stress is caused in magnitude in
engineering.
The shear deﬂection is caused for any incident angle (oblique
magnetic ﬁeld to the plate) except a1 = 0 and p/2, and the analysis
is carried out as an anti-plane shear problem. The shear stress
deﬂection takes the maximum value fora1 = p/4, and produces
Mode III SIF which takes maximum value at the angle a1 = p/4.
An out of a thin plate bending deﬂection due to the bending
moment does not arise under uniform magnetic ﬁeld.
Magnetic ﬁelds Hx, Hy have a singularity of order 1=
ﬃﬃ
r
p
at the
crack tip, but magnetic ﬁeld Hz(x,y) does not have a singularity
at the crack tip and takes a ﬁnite value. The singularity of order
1/r does not appear in the stress components, though Maxwell
stress components H2x ;H
2
y have a singularity of order 1/r, because
Maxwell stress terms do not appear in the stress components.
The saturation of the magnetic ﬁeld has not been considered
due to the assumption of the linear constitutive equation. The
range of the application of the linear magnetic stress analysis de-
pends on the magnetic materials. The linear magneto elastic stress
analysis can be seen as an analogue to the elastic analysis for the
real elastic–plastic materials.
Appendix A. Magnetic ﬁeld in the plate caused through surfaces
S1 and S2 at the remote ﬁeld
The derivation is written in Hasebe et al. (2008) and Hasebe
(2010a), therefore; the only results are shown as follows.
At the remote ﬁeld of the plate, the following magnetic ﬁelds
arise in the plate from the boundary condition of surfaces S1 and
S2 (see Fig. 3)
Hxaðx; yÞ ¼ H0 sina1 cos c; Hyaðx; yÞ ¼ H0 sina1 sin c ðA1a;bÞ
where the subscript, ‘‘a’’, is used to avoid confusion. The compo-
nents of (A1) are expressed by the function, Aa(f), deﬁned by (8)
as follows:
Hxaðx; y; zÞ  iHyaðx; y; zÞ ¼ H0 sina1 cos c i sin cð Þ ¼ A0aðfÞ=x0ðfÞ
AaðfÞ ¼ H0 sina1eicxðfÞ
ðA2a;bÞ
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The ﬁrst term in the right hand side of (30) is written as follows:
1
2
l
Z
H2hdw ¼
1
2
l
Z
e2ibðHx þ iHyÞ2dw
¼ 1
2
l
Z
rx0ðrÞ
rx0ðrÞ ðHx þ iHyÞ
2x0ðrÞdr
¼ 1
2
l
Z
x0ðrÞðHx þ iHyÞ2  1r2
	 

dr
¼ 1
2
l
Z
ðHx  iHyÞ2x0ðrÞdr ðB1Þ
where r ¼ 1=r and (13) are used. It is also used that Hh is a real
function and Hr = 0 on the boundary surface S3. This form (B1) of
the boundary condition was given in Hasebe et al. (2001, 2007).
Using this boundary condition, another stress function is ob-
tained as follows:
WaðfÞ ¼ Ua 1f
	 

 xð1=fÞ
x0ðfÞ U
0
aðfÞ 
1
2
l
Z
ðHx  HyÞ2x0ðfÞdf ðB2Þ
Substituting (B2) into (29), it is noticed that the magnetic stresses
are calculated by the following equations:
rx þ ry ¼ 4Re U0aðfÞ=x0ðfÞ
 
ry  rx þ 2isxy ¼ 2 xðfÞ U
0
aðfÞ
x0ðfÞ
	 
0 1
x0ðfÞ þ
W0aðfÞ
x0ðfÞ
" #
UaðfÞ ¼ 1=2lð2ÞH20 sin2 a1F0e2ic=f  s0F0e2ic=f
WaðfÞ ¼ Ua 1f
	 

 xð1=fÞ
x0ðfÞ U
0
aðfÞ
ðB3a;b; c;dÞ
The terms regarding Maxwell stress (terms of l(Hx  iHy)2 in (29b),
(42) and (B2)) are not included, and it is noticed that the magnetic
stress components of stress state (a) are the same as the stress func-
tions subjected to the pure shear stress lH20 sin2 a1=2  s0 (Haseb-
e and Ueda, 1980), or of the superposition of stress states subjectedto compressive and tensile stresses in the c direction of the mag-
netic ﬁeld and in the perpendicular to the c direction, respectively.
The same thing above was mentioned in Hasebe (2010a). Therefore
stress state (a) for the thin plate with an arbitrary shaped hole un-
der uniform magnetic ﬁeld is given by the result of Hasebe et al.
(2001, 2007).
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